In this paper, we derive in a novel approach the possible textures of neutrino mass matrix that can lead us to maximal atmospheric mixing angle (θ 23 = π/4) and leptonic CP violation (δ = −π/2) in two phenomenologically appealing contexts: (1) one neutrino mass matrix element being vanishing (2) the minimal seesaw framework. For the obtained textures, some neutrino mass sum rules which relate the neutrino masses and Majorana CP phases will emerge. *
Introduction
Thanks to the various neutrino oscillation experiments, it has been established that neutrinos have small but nonvanishing masses and mix among different flavors [1] . On the one hand, the smallness of neutrino masses m i (for i = 1, 2, 3) can be naturally explained by the seesaw mechanism [2] . The neutrino masses generated via this mechanism are of the Majorana nature for which the mass matrix M ν is a complex symmetric one. On the other hand, in the basis of charged lepton mass matrix being diagonal, the neutrino mixing matrix U results from diagonalization of M ν in a way as follows
In the standard way, U is parameterized as
where P l = Diag e iφe , e iφµ , e iφτ and P ν = Diag e iρ , e iσ , 1 are two diagonal phase matrices, and 
with c ij = cos θ ij and s ij = sin θ ij for the mixing angles θ ij (for ij = 12, 13, 23) . As for the phases, δ and ρ/σ are respectively the Dirac and Majorana CP phases, while φ e,µ,τ are unphysical phases that can be removed by the redefinitions of charged lepton fields. In addition, neutrino oscillations are also dependent on the neutrino mass squared differences ∆m 2 ij = m 2 i − m 2 j (for ij = 21, 31). The neutrino oscillation experiments up to now give the following results for the neutrino mass squared differences [4] ∆m 2 21 = 7.50 +0.19 −0.17 × 10 −5 eV 2 , |∆m 2 31 | = (2.524 +0.039 −0.040 ) × 10 −3 eV 2 .
Note that the sign of ∆m 2 31 has not yet been determined, thereby allowing for two possible neutrino mass orderings: m 1 < m 2 < m 3 (the normal hierarchy and NH for short) and m 3 < m 1 < m 2 (the inverted hierarchy and IH for short). Besides, the absolute neutrino mass scale or the lightest neutrino mass (m 1 in the NH case or m 3 in the IH case) also remains unknown. On the other side, the mixing parameters θ 13 , θ 23 and δ are found to be sin 2 θ 13 = 0.02166 ± 0.00075 , sin 2 θ 23 = 0.441 ± 0.024 , δ = 261 • ± 55 • ,
in the NH case, or sin 2 θ 13 = 0.02179 ± 0.00076 , sin 2 θ 23 = 0.587 ± 0.022 , δ = 277 • ± 43 • ,
in the IH case, while θ 12 to be sin 2 θ 12 = 0.306 ± 0.012 in either case [4] . But information about ρ and σ is still lacking. It is interesting to note that the current neutrino oscillation data is consistent with maximal atmospheric mixing angle (θ 23 = π/4) and leptonic CP violation (δ = −π/2). These remarkable values may point towards some special texture of M ν . In this connection, the specific texture given by the neutrino µ-τ reflection symmetry [5] serves as a unique example, which is defined by M eµ = M * eτ , M µµ = M * τ τ , M ee and M µτ being real ,
with M αβ denoting its αβ element (for α, β = e, µ, τ ) and can be attributed to the invariance of M ν under a combination of the µ-τ interchange and CP conjugate operations
Such a texture predicts θ 23 = π/4 and δ = ±π/2 as well as φ e = π/2, φ µ = −φ τ and trivial Majorana CP phases (i.e., ρ/σ = 0 or π/2) [6] . Motivated by these experimental and theoretical facts, in a previous work [7] we have derived in a novel approach the possible textures of neutrino mass matrix that can lead us to θ 23 = π/4 and δ = −π/2 [8] . In this paper we perform a further study on this subject in the same approach in two phenomenologically appealing contexts: (1) one neutrino mass matrix element being vanishing [9] (2) the minimal seesaw framework [10] where the neutrino mass matrix receives some restrictions other than those obtained in Ref. [7] . The rest part of this paper is organized as follows. In section 2, we reiterate our approach and some results in Ref. [7] which will provide a basis for our studies here. The studies in the contexts of with a texture zero in M ν and in the minimal seesaw framework are carried out in section 3 and 4, respectively. Finally, a summary of our results is given in section 5.
The approach and basis results
This section is a simplified version of section 2 and subsections 3.1-3.4 of Ref. [7] . The interested readers can find more details there.
In order to evade the uncertainties due to the unphysical phases, we choose to work onM ν = P † l M ν P * l instead of M ν itself, which can be diagonalized by a successive implementation of the rotations O 23 , U 13 and O 12 in a way as
To facilitate our discussions, we define the following three matrices
whose elements, after the use of θ 23 = π/4 and δ = −π/2, are obtained as
The seven conditions in Eq. (12), labelled by A-G in order, are explicitly written as 
where the symbol EF is used to indicate that this constraint equation results from equations E and F. It can be expressed in terms ofR αβ andĪ αβ by taking the expressions
In a similar way, one achieves the following constraint equations AB :
by relating the expressions for θ 13 derived from equations A-D. But not all of these six constraint equations are independent. By relating the expressions for θ 13 derived from equations A and G, one obtains a constraint equation as
To sum up, a total of five independent constraint equations (i.e., equations AG, EF and three independent ones of equations AB, AC, AD, BC, BD and CD) will arise from the eliminations of θ 12 and θ 13 in Eq. (14). Finally, by taking the expressions for θ 12 and θ 13 derived from Eq. (14) 
where
while the expressions for R 12 2 , I 12 2 , R 11 2 − R 22 2 and I 11 2 − I 22 2 have been given by Eq. (16). However, the above results are derived in the general case where none of equations A-G has its two sides vanish. When an equation has its two sides vanish, it fails to give an expression for θ 12 or θ 13 and thus the constraint equation(s) resulting from it will become ineffective. But the fact that its two sides vanish itself will bring about two new constraint equations. Therefore, in such kind of case the number of independent constraint equations will get increased compared to in the general case. When this number gets increased by one (and so on), there will correspondingly be one (and so on) neutrino mass sum rule which relates the neutrino masses and Majorana CP phases [11] . To be specific, it is found that: (1) Equations A and G always have their two sides vanish simultaneously. In this case, equations AB, AC, AD and AG become ineffective. We are left with three independent constraint equations (i.e., equation EF and two of equations BC, BD and CD). But there are three new constraint equations
which are expressed in terms ofR αβ andĪ αβ as
Consequently, one neutrino mass sum rule arises as m 1 c 2 12 sin 2ρ + m 2 s 2 12 sin 2σ = 0 .
(2) In the case of two sides of equation B being vanishing, equations AB, BC and BD become ineffective. We are left with four independent constraint equations (i.e., equations AG, EF and two of equations AC, AD and CD). But there are two new constraint equations
Consequently, one neutrino mass sum rule arises as
This sum rule can only be fulfilled in the IH case. (3) Equations C and F always have their two sides vanish simultaneously. In this case, equations AC, BC, CD and EF become ineffective. We are left with three independent constraint equations (i.e., equation AG and two of equations AB, AD and BD). But there are three new constraint equations
(4) Equations D and E always have their two sides vanish simultaneously. In this case, equations AD, BD, CD and EF become ineffective. We are left with three independent constraint equations (i.e., equation AG and two of equations AB, AC and BC). But there are three new constraint equations
3 One neutrino mass matrix element being vanishing
In this section, we perform a study on the possible textures of neutrino mass matrix that can lead us to θ 23 = π/4 and δ = −π/2 in the context of one neutrino mass matrix element being vanishing. As we will see, the vanishing of one neutrino mass matrix element will give two neutrino mass sum rules. Since there are three unknown parameters (i.e., the lightest neutrino mass and two Majorana CP phases) to be determined, at most three independent neutrino mass sum rules are allowed. So, in the context under study, only one more independent neutrino mass sum rule can arise from the requirement of one or more of equations A-G having their two sides vanish. For later use, we give the expressions for the elements ofM ν in terms of the physical parameters
which are obtained from
In the calculations, θ 23 = π/4 and δ = −π/2 have been input.
3.1M ee = 0
In the case ofM ee = 0, one has I 11 1 =Ī ee = 0, which leads us to a situation where equations A and G have their two sides vanish. As a result, equations AB, AC, AD and AG become ineffective. We are left with three independent constraint equations (i.e., equation EF and two of equations BC, BD and CD). But there are four new constraint equations given by Eq. (22) andR ee = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by two compared to in the general case. So two neutrino mass sum rules will arise, which are directly obtained as
from Eq. (33) withM ee = 0. Not surprisingly, one of the obtained sum rules is the same as that in Eq. (23). With the help of the inequality
one finds that the second sum rule in Eq. (35) can only be fulfilled in the NH case. To further constrain the texture ofM ν , in the following we study the cases where one more independent neutrino mass sum rule arises from the requirement of one or more of equations A-G having their two sides vanish under the condition ofM ee = 0.
In the case of two sides of equations A, B and G being vanishing, equations AB, AC, AD, AG, BC and BD become ineffective. We are left with two constraint equations (i.e., equations CD and EF). But there are six new constraint equations given by Eqs. (22, 25) andR ee = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (26, 35) . It is found that these sum rules have no chance to be in agreement with the realistic results. (Note that the sum rule in Eq. (26) can only be fulfilled in the IH case while the second one in Eq. (35) can only be fulfilled in the NH case.)
In the case of two sides of equations A, C, F and G being vanishing, equations AB, AC, AD, AG, BC, CD and EF become ineffective. We are left with only one constraint equation (i.e., equation BD). But there are seven new constraint equations given by Eqs. (22, 28) andR ee = 0. By taking these relations, the expressions for the surviving constraint equation and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (29, 35) . By solving these equations, one obtains m 1 = 0.006 eV with [ρ, σ] = [0, π/2] or 0.002 eV with [ρ, σ] = [π/2, 0] in the NH case.
In the case of two sides of equations A, D, E and G being vanishing, equations AB, AC, AD, AG, BD, CD and EF become ineffective. We are left with only one constraint equation (i.e., equation BC). But there are seven new constraint equations given by Eqs. (22, 31) andR ee = 0. By taking these relations, the expressions for the surviving constraint equation and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (32, 35) . By solving these equations, one obtains m 1 = 0.004 eV with [ρ, σ] = [0.79π, 0.23π] in the NH case.
3.2M eµ = 0
In the case ofM eµ = 0, we get two more constraint equations (i.e.,R eµ =Ī eµ = 0). By taking these relations, the expressions for the existing constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by two compared to in the general case. So two neutrino mass sum rules will arise, which are directly obtained as 
from Eq. (33) withM eµ = 0. To further constrain the texture ofM ν , in the following we study the cases where one more independent neutrino mass sum rule arises from the requirement of one or more of equations A-G having their two sides vanish under the condition ofM eµ = 0. As can be seen from Eq. (11), one has R 12 1 = −R 13 1 (and I 12 1 = −I 13 1 ) in the case under study, which leads to a situation where equations A&D&E&G (and B&C&F) will have their two sides vanish simultaneously.
In the case of two sides of equations A, D, E and G being vanishing, equations AB, AC, AD, AG, BD, CD and EF become ineffective. We are left with only one constraint equation (i.e., equation BC). But there are seven new constraint equations given by Eqs. (22, 31) andĪ eµ = 0. By taking these relations, the expressions for the surviving constraint equation and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (23, 32, 37) . (Note that only three of these four sum rules are independent.) By solving these equations, one obtains m 1 = 0.009 eV with [ρ, σ] = [0.41π, 0.65π] in the NH case for which the effective neutrino mass
controlling the rates of neutrinoless double beta decays has a value of 0.008 eV or m 3 = 0.006 eV with [ρ, σ] = [0.51π, 0.47π] in the IH case for which | m ee | has a value of 0.049 eV.
In the case of two sides of equations B, C and F being vanishing, equations AB, BC, BD, CD and EF become ineffective. We are left with two constraint equations (i.e., equations AD and AG). But there are six new constraint equations given by Eqs. (25, 28) andR eµ = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (26, 29, 37) . (Note that only three of these four sum rules are independent.) By solving these equations, one obtains m 3 = 0.0007 eV with [ρ, σ] = [0.27π, 0.22π] in the IH case for which | m ee | has a value of 0.048 eV.
3.3M eτ = 0
In the case ofM eτ = 0, we get two more constraint equations (i.e.,R eτ =Ī eτ = 0). By taking these relations, the expressions for the existing constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by two compared to in the general case. So two neutrino mass sum rules will arise, which are directly obtained as 
from Eq. (33) withM eτ = 0. To further constrain the texture ofM ν , in the following we study the cases where one more independent neutrino mass sum rule arises from the requirement of one or more of equations A-G having their two sides vanish under the condition ofM eτ = 0. As can be seen from Eq. (11), one has R 12 1 = R 13 1 (and I 12 1 = I 13 1 ) in the case under study, which leads to a situation where equations A&D&E&G (and B&C&F) will have their two sides vanish simultaneously.
In the case of two sides of equations A, D, E and G being vanishing, equations AB, AC, AD, AG, BD, CD and EF become ineffective. We are left with only one constraint equation (i.e., equation BC). But there are seven new constraint equations given by Eq. (22, 31) andĪ eτ = 0. By taking these relations, the expressions for the surviving constraint equation and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (23, 32, 39) . (Note that only three of these four sum rules are independent.) By solving these equations, one obtains m 1 = 0.009 eV with [ρ, σ] = [0.59π, 0.35π] in the NH case for which | m ee | has a value of 0.008 eV or m 3 = 0.006 eV with [ρ, σ] = [0.51π, 0.47π] in the IH case for which | m ee | has a value of 0.049 eV.
In the case of two sides of equations B, C and F being vanishing, equations AB, BC, BD, CD and EF become ineffective. We are left with two constraint equations (i.e., equations AD and AG). But there are six new constraint equations given by Eqs. (25, 28) andR eτ = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (26, 29, 39) . (Note that only three of these four sum rules are independent.) By solving these equations, one obtains m 3 = 0.0007 eV with [ρ, σ] = [0.73π, 0.78π] in the IH case for which | m ee | has a value of 0.048 eV.
One can see that the results in the case ofM eτ = 0 can be obtained from those in the case of M eµ = 0 by making the replacements ρ → π − ρ and σ → π − σ.
3.4M µµ = 0
In the case ofM µµ = 0, we get two more constraint equations (i.e.,R µµ =Ī µµ = 0). By taking these relations, the expressions for the existing constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by two compared to in the general case. So two neutrino mass sum rules will arise, which are directly obtained as m 1 cos 2ρ s 2 12 − c 2 12 s 2 13 + 2m 1 c 12 s 12 s 13 sin 2ρ +m 2 cos 2σ c 2 12 − s 2 12 s 2 13 − 2m 2 c 12 s 12 s 13 sin 2σ + m 3 c 2 13 = 0 , m 1 sin 2ρ s 2 12 − c 2 12 s 2 13 − 2m 1 c 12 s 12 s 13 cos 2ρ +m 2 sin 2σ c 2 12 − s 2 12 s 2 13 + 2m 2 c 12 s 12 s 13 cos 2σ = 0 ,
from Eq. (33) withM µµ = 0. To further constrain the texture ofM ν , in the following we study the cases where one more independent neutrino mass sum rule arises from the requirement of one or more of equations A-G having their two sides vanish under the condition ofM µµ = 0.
In the case of two sides of equations A and G being vanishing, equations AB, AC, AD and AG become ineffective. We are left with three independent constraint equations (i.e., equation EF and two of equations BC, BD and CD). But there are five new constraint equations given by Eq. (22) andR µµ =Ī µµ = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (23, 40) . By solving these equations, one obtains m 3 = 0.024 eV with [ρ, σ] = [0.97π, 0.43π] in the IH case for which | m ee | has a value of 0.021 eV.
In the case of two sides of equations B being vanishing, equations AB, BC and BD become ineffective. We are left with four independent constraint equations (i.e., equations AG, EF and two of equations AC, AD and CD). But there are four new constraint equations given by Eq. (25) and R µµ =Ī µµ = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (26, 40) . By solving these equations, one obtains m 3 = 0.050 eV with [ρ, σ] = [0.35π, 0.54π] in the IH case for which | m ee | has a value of 0.060 eV.
In the case of two sides of equations C and F being vanishing, equations AC, BC, CD and EF become ineffective. We are left with three independent constraint equations (i.e., equation AG and two of equations AB, AD and BD). But there are five new constraint equations given by Eq. (28) andR µµ =Ī µµ = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (29, 40) . By solving these equations, one obtains m 3 = 0.022 eV with [ρ, σ] = [0.04π, 0.46π] in the IH case for which | m ee | has a value of 0.024 eV.
In the case of two sides of equations D and E being vanishing, equations AD, BD, CD and EF become ineffective. We are left with three independent constraint equations (i.e., equation AG and two of equations AB, AC and BC). But there are five new constraint equations given by Eq. (31) andR µµ =Ī µµ = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (32, 40) . It is found that these sum rules have no chance to be in agreement with the realistic results.
3.5M τ τ = 0
In the case ofM τ τ = 0, we get two more constraint equations (i.e.,R τ τ =Ī τ τ = 0). By taking these relations, the expressions for the existing constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by two compared to in the general case. So two neutrino mass sum rules will arise, which are directly obtained as m 1 cos 2ρ s 2 12 − c 2 12 s 2 13 − 2m 1 s 12 c 12 s 13 sin 2ρ +m 2 cos 2σ c 2 12 − s 2 12 s 2 13 + 2m 2 c 12 s 12 s 13 sin 2σ + m 3 c 2 13 = 0 , m 1 sin 2ρ s 2 12 − c 2 12 s 2 13 + 2m 1 s 12 c 12 s 13 cos 2ρ +m 2 sin 2σ c 2 12 − s 2 12 s 2 13 − 2m 2 c 12 s 12 s 13 cos 2σ = 0 .
from Eq. (33) withM τ τ = 0. To further constrain the texture ofM ν , in the following we study the cases where one more independent neutrino mass sum rule arises from the requirement of one or more of equations A-G having their two sides vanish under the condition ofM τ τ = 0.
In the case of two sides of equations A and G being vanishing, equations AB, AC, AD and AG become ineffective. We are left with three independent constraint equation (i.e., equation EF and two of equations BC, BD and CD). But there are five new constraint equations given by Eq. (22) andR τ τ =Ī τ τ = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (23, 41) . By solving these equations, one obtains m 3 = 0.024 eV with [ρ, σ] = [0.03π, 0.57π] in the IH case for which | m ee | has a value of 0.021 eV.
In the case of two sides of equations B being vanishing, equations AB, BC and BD become ineffective. We are left with four independent constraint equations (i.e., equations AG, EF and two of equations AC, AD and CD). But there are four new constraint equations given by Eq. (25) and R τ τ =Ī τ τ = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (26, 41) . By solving these equations, one obtains m 3 = 0.050 eV with [ρ, σ] = [0.65π, 0.46π] in the IH case for which | m ee | has a value of 0.060 eV.
In the case of two sides of equations C and F being vanishing, equations AC, BC, CD and EF become ineffective. We are left with three independent constraint equations (i.e., equation AG and two of equations AB, AD and BD). But there are five new constraint equations given by Eq. (28) andR µµ =Ī µµ = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (29, 41) . By solving these equations, one obtains m 3 = 0.022 eV with [ρ, σ] = [0.96π, 0.54π] in the IH case for which | m ee | has a value of 0.024 eV.
In the case of two sides of equations D and E being vanishing, equations AD, BD, CD and EF become ineffective. We are left with three independent constraint equations (i.e., equation AG and two of equations AB, AC and BC). But there are five new constraint equations given by Eq. (31) andR µµ =Ī µµ = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (32, 41) . It is found that these sum rules have no chance to be in agreement with the realistic results.
One can see that the results in the case ofM µµ = 0 can be obtained from those in the case of M τ τ = 0 by making the replacements ρ → π − ρ and σ → π − σ.
3.6M µτ = 0
In the case ofM µτ = 0, we get two more constraint equations (i.e.,R µτ =Ī µτ = 0). By taking these relations, the expressions for the existing constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by two compared to in the general case. So two neutrino mass sum rules will arise, which are directly obtained as m 1 cos 2ρ s 2 12 + c 2 12 s 2 13 + m 2 cos 2σ c 2 12 + s 2 12 s 2 13 − m 3 c 2 13 = 0 , m 1 sin 2ρ s 2 12 + c 2 12 s 2 13 + m 2 sin 2σ c 2 12 + s 2 12 s 2 13 = 0 .
from Eq. (33) withM µτ = 0. To further constrain the texture ofM ν , in the following we study the cases where one more independent neutrino mass sum rule arises from the requirement of one or more of equations A-G having their two sides vanish under the condition ofM µτ = 0. As can be seen from Eq. (11), one has I 11 2 − I 22 2 = I 11 1 − 2I 33 1 in the case under study, which leads to a situation where equations A&C&F&G will have their two sides vanish simultaneously.
In the case of two sides of equations A, C, F and G being vanishing, equations AB, AC, AD, AG, BC, CD and EF become ineffective. We are left with only one constraint equation (i.e., equation BD). But there are seven new constraint equations given by Eqs. (22, 28) andR µτ = 0. By taking these relations, the expressions for the surviving constraint equation and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (23, 29, 42) . (Note that only three of these four sum rules are independent.) By solving these equations, one obtains m 1 = 0.165 eV with [ρ, σ] = [0, 0] in the NH case for which | m ee | has a value of 0.158 eV.
In the case of two sides of equations B being vanishing, equations AB, BC and BD become ineffective. We are left with four independent constraint equations (i.e., equations AG, EF and two of equations AC, AD and CD). But there are four new constraint equations given by Eq. (25) and R µτ =Ī µτ = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equationsgets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (26, 42) . It is found that these sum rules have no chance to be in agreement with the realistic results.
In the case of two sides of equations D and E being vanishing, equations AD, BD, CD and EF become ineffective. We are left with three independent constraint equations (i.e., equation AG and two of equations AB, AC and BC). But there are five new constraint equations given by Eq. (31) andR µτ =Ī µτ = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by three compared to in the general case. So three neutrino mass sum rules will arise, which are given by Eqs. (32, 42) . It is found that these sum rules have no chance to be in agreement with the realistic results.
The minimal seesaw framework
In this section, we perform a study on the possible textures of neutrino mass matrix that can lead us to θ 23 = π/4 and δ = −π/2 in the minimal seesaw framework. Since there is one unknown parameter (i.e., one Majorana CP phase) to be determined, one neutrino mass sum rule is allowed. So, in the context under study, only one neutrino mass sum rule can arise from the requirement of one or more of equations A-G having their two sides vanish.
NH case
In the NH case, the vanishing of Re m 1 e 2iρ and Im m 1 e 2iρ gives two new conditions in addition to those in Eq. (14) I : sin 2θ 
where the expressions for R 12 2 , I 12 2 , R 11 2 ±R 22 2 and I 11 2 ±I 22 2 have been given in Eqs. (16, 20) . In total, there are seven independent constraint equations in the case under study. These results are derived in the general case where none of equations A-J has its two sides vanish. To further constrain the texture ofM ν , in the following we study the possible cases where one or more of equations A-J have their two sides vanish. Before doing that, we make two observations: (1) It is immediate to find that equations E and I and F and J always have their two sides vanish simultaneously. (2) In the case of two sides of equations A and G being vanishing, one has I 11 2 = 0 from Eqs. (11, 22) , which leads to a situation where equations F and J also have their two sides vanish. So equations A, C, F, G and J always have their two sides vanish simultaneously.
In the case of two sides of equations A, C, F, G and J being vanishing, equations AB, AC, AD, BC, CD, EF, AG and FJ become ineffective. We are left with two constraint equations (i.e., equations BD and EI). But there are six new constraint equations given by Eqs. (22, 28) . By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by one compared to in the general case. So one neutrino mass sum rule will arise, which is obtained as
from Eqs. (23, 29) with m 1 = 0. In this case, | m ee | has a value of m 2 s 2 12 c 2 13 − m 3 s 2 13 ≃ 0.002 eV for σ = 0 or m 2 s 2 12 c 2 13 + m 3 s 2 13 ≃ 0.004 eV for σ = π/2. In the case of two sides of equations B being vanishing, equations AB, BC and BD become ineffective. We are left with six independent constraint equations (i.e., equations AG, EF, EI, FJ and two of equations AC, AD and CD). But there are two new constraint equations given by Eq.
(25). By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by one compared to in the general case. So one neutrino mass sum rule will arise, which is obtained as
from Eq. (26) with m 1 = 0. Apparently, this sum rule can never be fulfilled in the NH case.
In the case of two sides of equations D, E and I being vanishing, equations AD, BD, CD, EF and EI become ineffective. We are left with four constraint equations (i.e., equations AG, FJ and two of equations AB, AC and BC). But there are four new constraint equations given by Eq. (31) and R 22 2 = R µµ +R τ τ /2 −R µτ = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by one compared to in the general case. So one neutrino mass sum rule will arise, which is obtained as 
IH case
In the IH case, the vanishing of Im m 1 e 2iρ and m 3 gives two new conditions in addition to those in Eq. (14) J : sin 2θ 
In total, there are seven independent constraint equations in the case under study. These results are derived in the general case where none of equations A-G and J-K has its two sides vanish.
To further constrain the texture ofM ν , in the following we study the possible cases where one or more of equations A-G and J-K have their two sides vanish. Before doing that, we make two observations: (1) It is immediate to find that equations B and K and F and J always have their two sides vanish simultaneously. (2) In the case of two sides of equations A and G being vanishing, one has I 11 2 = 0 from Eqs. (11, 22) , which leads to a situation where equations F and J also have their two sides vanish. So equations A, C, F, G and J always have their two sides vanish simultaneously.
In the case of two sides of equations A, C, F, G and J being vanishing, equations AB, AC, AD, BC, CD, EF, AG and FJ become ineffective. We are left with two constraint equations (i.e., equations BD and BK). But there are six new constraint equations given by Eqs. (22, 28) . By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by one compared to in the general case. So one neutrino mass sum rule will arise, which is obtained as
from Eqs. (23, 29) with ρ = 0. In this case, | m ee | has a value of m 2 s 2 12 c 2 13 − m 3 s 2 13 ≃ 0.002 eV for σ = 0 or m 2 s 2 12 c 2 13 + m 3 s 2 13 ≃ 0.004 eV for σ = π/2. In the case of two sides of equations B and K being vanishing, equations AB, BC, BD and BK become ineffective. We are left with five independent constraint equations (i.e., equations AG, EF, FJ and two of equations AC, AD and CD). But there are three new constraint equations given by Eq. (25) and R 11 1 =R ee = 0. By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by one compared to in the general case. So one neutrino mass sum rule will arise, which is obtained as
from Eq. (26) with ρ = m 3 = 0. Apparently, this sum rule can never be fulfilled in the IH case.
In the case of two sides of equations D and E being vanishing, equations AD, BD, CD and EF become ineffective. We are left with five constraint equations (i.e., equations AG, BK, FJ and two of equations AB, AC and BC). But there are three new constraint equations given by Eqs. (31). By taking these relations, the expressions for the surviving constraint equations and the neutrino masses in combination with the Majorana CP phases can be simplified to some extent. In total, the number of independent constraint equations gets increased by one compared to in the general case. So one neutrino mass sum rule will arise, which is obtained as
from Eq. (32) with ρ = 0. By solving this equation, one gets σ ≃ 0.03π or 0.97π for which | m ee | has a value of 0.048 eV.
Summary
In summary, the purpose of this work is to derive the possible textures of neutrino mass matrix in two phenomenologically appealing contexts: (1) one neutrino mass matrix element being vanishing (2) the minimal seesaw framework. In the former context, there are two neutrino mass sum rules which can be directly read from Eq. (33). In the latter context, one has m 1 e 2iρ = 0 in the NH case or m 3 = ρ = 0 in the IH case. To further constrain the texture ofM ν , we have studied all the possible cases where one or more of equations A-G have their two sides vanish. Since there are three unknown parameters (i.e., the lightest neutrino mass and two Majorana CP phases) to be determined, in these two contexts one and only one more prediction for them is allowed to arise from the requirement of one or more of equations A-G having their two sides vanish. 1. In the case ofM ee = 0, the results are as follows. (1) When equations A, B and G have their two sides vanish, the resulting neutrino mass sum rules have no chance to be in agreement with the realistic results. (2) When equations A, C, F and G have their two sides vanish, the resulting neutrino mass sum rules give m 1 = 0.006 eV with [ρ, σ] = [0, π/2] or 0.002 eV with [ρ, σ] = [π/2, 0] in the NH case. (4) When equations D and E have their two sides vanish, the resulting neutrino mass sum rules have no chance to be in agreement with the realistic results. 4. In the case ofM µτ = 0, the results are as follows. (1) When equations A, C, F and G have their two sides vanish, the resulting neutrino mass sum rules give m 1 = 0.165 eV with [ρ, σ] = [0, 0] in the NH case. (2) When equation B has its two sides vanish, the resulting neutrino mass sum rules give have no chance to be in agreement with the realistic results. (3) When equations D and E have their two sides vanish, the resulting neutrino mass sum rules have no chance to be in agreement with the realistic results. 5. The results in the case of M eτ = 0 (M τ τ = 0) can be obtained from those in the case ofM eµ = 0 (M µµ = 0) by making the replacements ρ → π − ρ and σ → π − σ.
1. In the NH case in the minimal seesaw framework, the results are as follows. (1) When equations A, C, F, G and J have their two sides vanish, the resulting neutrino mass sum rule gives σ = 0 or π/2. (2) When equation B has its two sides vanish, the resulting neutrino mass sum rule has no chance to be in agreement with the realistic results. (3) When equations D, E and I have their two sides vanish, the resulting neutrino mass sum rule gives σ = π/4 or 3π/4. 2. In the IH case in the minimal seesaw framework, the results are as follows. (1) When equations A, C, F, G and J have their two sides vanish, the resulting neutrino mass sum rule gives σ = 0 or π/2. (2) When equation B and K have their two sides vanish, the resulting neutrino mass sum rule has no chance to be in agreement with the realistic results. (3) When equations D and E have their two sides vanish, the resulting neutrino mass sum rule gives σ ≃ 0.03π or 0.97π.
Finally, we point out that the results obtained in this work can be further studied from two aspects: On the one hand, one can study the origins of these special textures from some underlying flavor symmetries in the lepton sector [12] . On the other hand, one can study the breaking effects of these special textures so as to accommodate the deviations of θ 23 and δ from π/4 and −π/2.
